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It is proved in [14] that the minimal unitary representation $\pi$ of the indefinite
orthogonal group $O(p, q)$ ($p+q$ : even) can be realized on a Hilbert space consisting
of square integrable functions on a conical subvariety $C$ of $\mathrm{R}^{p+q-2}$ associated to a
quadratic form of signature $(p-1, q-1)$ . This geometric realization is analogous
to the Schr\"odinger model of the Weil representation of the metaplectic group. In
this classical case, we recall that the ‘inversion’ element with respect to the Siegel
parabolic subgroup acts as the Fourier transform. The main aim of this article is
to find such a unitary operator $\pi(w_{0})$ on $L^{2}(C)$ corresponding to the ‘inversion’
element $w\mathrm{o}$ in the case of the minimal representation of $O(p, q)$ . We shall give
an explicit integral formula for $\pi(w_{0})$ on $L^{2}(C)$ by means of integro-differential
operators involving Bessel functions. Corollaries include Plancherel type theorem
and reciprocal formula of Meijer’s G-functions.
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1
$O(p, q)$ $L^{2}$
$w_{0}:=(\begin{array}{ll}I_{p} 00 -I_{q}\end{array})$ (1.1)
$G:=O(p,\cdot q)$
$O(p, q)=\{.\grave{g}\in GL(p+q, \mathbb{R}):gw_{0}g=w_{0}\}\not\in$ .
$O(p, q)$ $*1\pi$ $p=q=4$
Kostant [15] $p_{7}q\geq 2,p+q$ $>4$ Binegar-
Zierau [1], Huang-Zhu [7], $\mathrm{K}\mathrm{o}\mathrm{b}\mathrm{a}\mathrm{y}\mathrm{a}\mathrm{s}\mathrm{h}\mathrm{i}-\emptyset \mathrm{r}\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{d}[14]$
$\pi$
( )
$C:=\{\zeta=(\zeta_{1}, \cdots, \zeta_{n})\in \mathbb{R}^{p+q-2}\backslash \{0\} : \zeta_{1}^{2}+\cdots\zeta_{\mathrm{p}-1}^{2}-\zeta_{p}^{2}-\cdots-\zeta_{p+q-2}^{2}=0\}$.




$L^{2}(C)$ [14] ( $C$
(2.2) )
$Sp(n, \mathbb{R})$ $\overline{Sp}(n, \mathbb{R})$ $\mathrm{S}\mathrm{e}\mathrm{g}\mathrm{a}\mathrm{l}\mathrm{S}\mathrm{h}\mathrm{a}\mathrm{l}\mathrm{e}\mathrm{W}\mathrm{e}\mathrm{i}\mathrm{l}$ (
Weil ) $\varpi$ $L^{2}(\mathbb{R}^{n})$
Weil $\varpi$
1) $L^{2}(\mathbb{R}^{n})$ $\varpi$ $L^{2}$.
2) $\varpi$ $\overline{Sp}(n, \mathbb{R})$
$P_{\mathrm{S}\mathrm{i}\mathrm{e}\mathrm{g}\mathrm{e}1}$ $P_{\mathrm{S}\mathrm{i}\mathrm{e}\mathrm{g}\mathrm{e}1}$
3) $\overline{Sp}(n, \mathbb{R})$ $\mathbb{R}^{n}$ $(\overline{Sp}(n, \mathbb{R})$ $n$
) $d\varpi(X)$ ($X\in$ ($n$ , $\mathbb{R}$)) $X\not\in \mathfrak{p}\mathrm{s}:\mathrm{e}\mathrm{g}\mathrm{e}\mathrm{t}$
(
) $P_{\mathrm{S}_{1}\mathrm{e}\mathrm{g}\mathrm{e}1}|$ $\overline{Sp}(n, \mathbb{R})$ $g$ $\varpi(g)$
4) $P_{\mathrm{S}\mathrm{i}\mathrm{e}\mathrm{g}\mathrm{e}1}$ $w_{0}’$ $\varpi(w_{0}’)$ (
)
$\overline{Sp}(n, \mathbb{R})$
$P_{\mathrm{S}\mathrm{i}\mathrm{e}\mathrm{g}\mathrm{e}1}$ wa. 2) 4) $\overline{Sp}(n, \mathbb{R})$
( 3)
[17] )
$\overline{Sp}(n, \mathbb{R})$ $O(p, q)$ $\pi$ $L^{2}(C)$
$L^{2}$
$P^{\varphi \mathrm{a}\mathrm{x}}$ 2) $P^{\max}$
3) $[9, 14]$ 4)
$G=P^{\max}\cup(P^{\dot{\max}}\cdot w_{0}\cdot P^{\max})$
$P^{\max}$ $w_{0}$ ((1.1) ) $\pi(w_{0})$







$p,$ $q\geq 2$ $p+q>4$ $C$
:
$\mathbb{R}_{+}\mathrm{x}S^{p-2}\mathrm{x}S^{q-2}\prec C$, . $(r, \omega, \eta)\prec(r\mathrm{t}_{L}),$ $r\eta)$ . (2.1)
$C$
$d \mu:=\frac{1}{2}r^{p+q-5}drd\omega d\eta$ (2.2)
$O(p-1, q-1)$
$\infty$
$L^{2}(C) \equiv L^{2}(C, d\mu)\simeq\sum_{l,k=0}\oplus L^{2}((\mathrm{O}, \infty),$ $r^{p+q-5}dr)\otimes \mathcal{H}^{l}(\mathbb{R}^{p-1})\otimes \mathcal{H}^{k}(\mathbb{R}^{q-1})$ , (2.3)
$\mathcal{H}^{l}(\mathbb{R}^{\mathrm{p}-1})$ $S^{p-2}$ $l$ .
$p=2$ $l=0,1$
$\pi(w_{0})$ : $L^{2}(C)\prec L^{2}(C)$






2) $\pi(w_{0})$ $T_{l,k}$ } :
$J$






$\dot{G}_{mn}^{pq}(x)$ Meijer $G$ (\S 5 )
2.2 $q=2$
21 $1\lambda_{\text{ }}q=2$ $\pi$
$SO_{0}(p, 2)$ $q=2$
$\mathcal{H}^{k}(\mathbb{R}^{q-1})=\mathcal{H}^{k}(\mathbb{R}^{1})$ $k$ 0 1 $K_{l,k}(t)$
;
$K_{l,0}(t)=K_{l,1}(t)=(-1)^{l+^{R}\frac{-2}{2}}G_{04}^{20}(t^{2}| \frac{l}{2}, \frac{t+1}{2}, \frac{-p+3-l}{2}.’\frac{-p+4-l}{2})$
$=(-1)^{l+^{\mathrm{g}_{\frac{-2}{2}}}}t^{-R_{\frac{-3}{2}}}J_{p\sim 3+2l}(4\sqrt{t})$ .
( $G$
$G_{04}^{20}$ ($x|a_{1},$ $a_{2}$ , a3, $a_{4}$ ) $=G_{04}^{20}$ ( $x|a_{2},$ $a_{1}$ , a3, $a_{4}$ ) $=G_{04}^{20}$ ( $x|a_{1},$ $a_{2},$ $a_{4}$ , a3),
(5.2) )




(1.1) $w_{0}$ $w_{0}^{2}=1$ $\pi.(w_{0})^{2}=\mathrm{i}\mathrm{d}$ 21(1)
$(l, k)\in \mathrm{N}^{2}$ $T_{l,k}$
$T_{l,k}^{2}\cdot=\mathrm{i}\mathrm{d}$ $T_{l,k}$ (2)
’ 2.2 (PIancherel ). $a,$ $b,$ $l$ $a\geq 0,$ $b\geq l,$ $l\leq 0$





2.3 ( ). 2.2 $a\geq 0,$ $b\geq l,$ $l\leq 0$
Sa,b $L^{2}((0, \infty),$ $r^{1-4l}dr)$ $l\mathrm{f}\Re’$ 2 $S_{a,b,l}\circ S_{a,b,l}f=f\text{ }=\cong$
$f\in L^{2}((0, \infty),$ $r^{1-2(a+\mathrm{c})}dr)$ :
$f(r)=0^{\infty}G_{04}^{20}(rr’’|a, b, 2l-a, 2l-b)$





1 $*\llcorner \text{ }$ $w_{0}l\sim$ \lambda 1‘. $\pi(w\mathrm{o})$ :
$L^{2}(C)\prec L^{2}(C)$ $\mathrm{g}_{\text{ }}$ffi
21(1) $\pi(w_{0})$
$\pi(w_{0})\cdot=\sum_{l,k=0}^{\infty}\oplus T_{l,k}\otimes \mathrm{i}\mathrm{d}\otimes \mathrm{i}\mathrm{d}$
.
$T_{l,k}$ $K_{l,k}$ $l,$ $k$ (
21 )





$Y_{\nu}(z),$ $K_{lJ}(z)$ $p,$ $q>2$
(3.1) Cauchy
$K(\zeta,\zeta’)$




3.1 ( ). $(p,\acute{q})$ $p_{1}q.\geq 2$ $p+q\geq 6$
$w_{0}$ $\pi(w_{0})$ : $L^{2}(C)\prec L^{2}(C)$
$\pi(w_{0})u(\zeta)=\int_{C}K(\zeta, \zeta’)u(\zeta’)d\mu(\zeta’)$ , $u\in L^{2}(C).$ . (3.4)
3.1 $(3\mathrm{t}4)$ $L^{2}(C)$
( $\mathbb{R}^{n}$ $L^{2}(\mathbb{R}^{n})$ )
32 Plancherel
(11) $w_{0}$ $w_{0}^{2}=1$ $\pi(w_{0}\mathrm{J}^{2}=\mathrm{i}\mathrm{d}$ $\pi(w_{0})$
$T_{l,k}$ Plancherel (\S 2.3 ) $\pi(w_{0})$
$K(\zeta, \zeta’)$
3.2 .(Plancherel ). $S$ : $L^{2}(C)\prec L^{2}(C)$ $K(\zeta, \zeta’)$ ( $(\mathit{3}.\mathit{2})$ )
$S$
$||Su||_{L^{2}(C)}=||u||_{L^{2}(C)\prime}$
3.3 ( ). 32 $S$ $L^{2}(C)$ 2
:
$u( \zeta)=\int_{C}K(\zeta, \zeta’’)(\oint_{C}K(\zeta^{ll}, \zeta’)u((’)d\mu(\zeta’))d\mu(\zeta’’),$ $u\in L^{2}(C)$ .
$\overline{Sp}(n, \mathbb{R})$













$T:C_{0}^{\infty}(C)\prec \mathcal{E}’(\mathbb{R}^{p+q-2})$ , $u\prec u\delta(Q)$
Tu
$R(Tu)( \zeta, t):=\int_{\mathbb{R}^{\mathrm{p}+q-2}}$ (Tu) $(\zeta’)\delta(t-\langle\zeta, \zeta’\rangle)d\zeta’$
( [5, 6] ) (3.4)
(3.2)
$c_{p_{l}q}I_{c^{-p,q}}^{-}-( \langle\zeta, \zeta’\rangle)u(\zeta’)d\mu(\zeta’)=c_{p,q}\int_{\mathrm{R}}---p,q(t)R(Tu)(\zeta, t)dt$
$=c_{p,q}\langle_{-p,q}^{-}-, R(Tu)(\zeta, \cdot)\rangle$ , (4.1)
(Weil )
$—p,q(t)$ (41) well-defined

















$o_{\pm}:=\{(\zeta_{1}, \cdots, \zeta_{p})\in C : \zeta_{p<}>0\}$
$K((, \zeta’)$ (4.2)
$\{\zeta, \zeta’\in C\mathrm{x}C:\langle\zeta, \zeta’\rangle\geq 0\}=(C_{+}\mathrm{x}C_{+})$ $(C_{-}\mathrm{x}C_{-})$
$\pi(w_{0})$ 2 $\pi\pm(w_{0})$ : $L^{2}(c_{\pm})arrow L^{2}(C_{\pm})$
$K(\zeta, \zeta’)$ $C_{\pm}\mathrm{x}C\pm$
$\pi(w_{0})$ [11, Theorem 6.1.1 (1)]
5 .. $\mathrm{M}\dot{\mathrm{e}}$ijer $G$







1 $0\leq m\leq q,$ $0\leq n\leq p$
$a_{j},$ $b_{j}$ . $\Gamma(b_{j}-s),$ $j=1,$ $\cdots,$ $m$ $\Gamma(1-a_{k}+s),$ $k=^{;}1,$ $\cdots,$ $n$ $\langle$
$L$ $\Gamma(b_{j}-s),j=1,$ $\cdots$ , $m$ $L$





$G_{04}^{20}(x|a, a+ \frac{1}{2}, b, b+\frac{1}{2})=x^{\frac{1}{2}(a+b)}J_{2(a-b)}(4x^{\frac{1}{4}})$. (5.2)
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